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The Association of Mathematics Teachers of India (AMTI) was started in 1965 
for the promotion of efforts to improve Mathematics education at all levels. A major 
aim of the Association is to assist practising teachers of Mathematics in schools in 
improving their expertise and professional skills. Another important aim is to spot out 
and foster Mathematical talents in the young. The Association also seeks to 
disseminate new trends in Mathematics education among parents and public. Other 
activities of the Association include consultancy services to schools in equipping the 
Mathematics section of their libraries, in organising children's Mathematics clubs and 
fairs, in setting up teacher centres in schools, in conducting Mathematics laboratory 
programmes, in holding practical tests in Mathematics in assisting children in 
participating investigational projects. 


The Association holds "National Mathematical Talent Search Competition" 
annually and organises Orientation Courses, Seminars and Workshops for teachers 
and courses for talented students. A national conference is held annually in different 
parts of the country for teachers to meet and deliberate on important issues of 
Mathematics education. Innovative teacher award has been instituted to give public 
recognition to enterprising and pioneering teachers of Mathematics for which entries 
from teachers are invited. 


An award for contributions to the Mathematics Teacher relating to History of 
Mathematics in the context of mathematics education has been instituted by Prof. 
R.C. Gupta. 


"The Mathematics Teacher (India)" (MT) is the official quarterly journal of the 
Association and is issued twice a year. It has been approved for use in schools and 
colleges of education by the Government departments of education in many States. 
Besides MT the Association also brings out Junior Mathematician (JM), three issues 
in a year, especially for school students in English and Tamil. 


The membership of the Association is open to all those interested in Mathematics 
and Mathematics Education. The membership fee inclusive of subscription for “The 
Mathematics Teacher (India)” and effective from April 1993 is as follows: 


Subscription for India* 


Life Rs. 1000 Rs. 1500 
Annual (Ordinary) Rs. 100 
Junior Mathematician — Life Rs. 500 
Junior Mathematician — Annual Rs. 50 


The Journal "The Mathematics Teacher" will be supplied free to all members. 
Fifty or more subscriptions to Junior Mathematician will entail 20% discount. 


* For countries other than India same figures in US §. 
(inclusive of postage) 
i.e instead of rupees read US dollars 
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EDITORIAL 


This issue contains the texts of two of the talks delivered 
at the 53rd Annual Conference of AMTI conducted between 
December 26th and 28th December 2019 at Disha Public 
School, Kota, Rajasthan. 


An article on Inequalities is published for those students 
preparing for Olympiads. In general, inequality problems 
are posed in almost all olympiads and students often have 
difficulties in solving them. The current article describes in 
detail some important inequalities and several applications of 
them. 


Geometry has been neglected to a large extent in the 
school curriculum. However, many students find geometry 
an interesting subject. The Iranian Geometry Olympiad, 
conducted every year, gives an opportunity to students 
interested in Geometry to showcase their skills in Geometry. 
This year, India participated in the competition and we 
are happy to note that several students won medals in the 
competition. Details are given in the article ” Iranian Geometry 
Olympiad”. 


Thanks to 


eNSER® 


for Partly supporting by grant (2016-17) 
Science and Engineering Research Board (SERB), 
(A statutory body of the Department of Science & Technology, 
Government of India) 
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Heuristics of Problem Solving 
Dr S.R. Santhanam (AMTT) 
(National Awardee for Popularizing 
Mathematics among masses) 
Theme talk — 53rd Annual Conference — Kota 


For a common man Mathematics means problem solving. 
Mathematics books from class 1 to up the ladder contain 
exercises which in turn contain problem. Mathematics 
problems are of four types. Right from the easy one to most 
difficult mathematics poses problems to persons in all walks of 
life. We come across skilled and seasoned mathematicians to 
amateurs who take immense interest in solving mathematics 
problems. Let us see in this paper different modes of 
solving mathematical problems. Let us restrict ourselves to 
mathematics of school level. 

The following problem was given to different sets of students in 
high school, higher secondary and college level. 


Find integers xz which satisfy the cubic equation 
(2 + 1)(x 4+ 2)(2 + 3) = 20192019 


The surprise is a high school boy solved it where as the others 
could not. Usually geometry problems are difficult to solve 
because of the deductive logic of the subject. The facts to 
be remembered to solve a geometry problem is in general 
much more than any other branch of mathematics. Geometry 
problems are difficult to solve by school students because of the 
fact that geometry is not given the right place in school level. 
This is not only in India but by and large in all countries in the 


world. 
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In general, in school level the heuristics of problem solving is not 
taught. Interdisciplinary approach is an important aspect of 
problem solving. This aspect is not also concentrated in school 
level. In this talk the types of problems and their methods of 


solutions are discussed. 


To be an Effective Math teacher 
Inder K Rana 
Emeritus Fellow, I.I.T. Bombay 
President’s Address — 53rd Annual Conference — 
Kota 


Why Mathematics? 

George Polya (1887 — 1985), a Hungarian mathematician 
elucidated two aims for school education: 

A good and narrow aim, that of turning out employable 
adults who (eventually) contribute to social and economic 
development; and a higher aim, that of developing the inner 
resources of the growing child. 

Mathematics helps in achieving both these aims. However, 
there are issues in mathematics teaching and learning. In 
National Curriculum Framework 2005, the committee observed 
that the following are the core areas of concern as far as the 


mathematics education in India is concerned: 


1. A sense of fear and failure regarding mathematics among 


majority of children 


2. A curriculum that disappoints both a talented minority as 


well as the non-participating majority at the same time. 


3. Crude 
methods of assessment that encourage the perception that 


mathematics as a mechanical computation 


4. Lack of teacher preparation and support in the teaching 


of mathematics. 
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Role of a teacher 

Teaching mathematics is both a challenging and stimulating 
endeavour. NCTM (National council 
of Teachers of Mathematics) in its Principles and Standards 
for School Mathematics mentions ”Six Principles for School 
Mathematics”, and one of them on ” Teaching” says: 


Effective mathematics teaching requires understanding what 
students know and need to learn and then challenging and 
supporting them to learn it well. Students understanding of 
mathematics, their ability to use it to solve problems, and 
their confidence in doing mathematics are all shaped by the 
teaching they encounter in school. To be effective, teachers 
must understand and be committed to students as learners 
of mathematics. They must know and understand deeply the 
mathematics they are teaching and be able to draw on that 
knowledge with flexibility in their teaching tasks. Teachers must 
be supported with ample opportunities and resources to enhance 
and refresh their knowledge. 

On teaching mathematics, Polya says: 

A teacher of mathematics has a great opportunity. If he/she 


lls his/her allotted time with drilling his students is routine 
operations, he/she kills their interest, hampers their intellectual 
development and misuses his/her opportunity. But if he/she 
challenges the curiosity of his/her students by setting them 
problems proportional to their knowledge and helps them to 
solve their problems with stimulating questions, he may give 
them a taste for, and some means of independent thinking. 
NCF 2005 also recommends the use of technology: 

Technology can greatly aid the process of mathematical 
exploration, and clever use of such aids can help engage 
students. Calculators are typically seen as aiding arithmetical 
operations; while this is true, calculators are of much greater 


pedagogic value. Indeed, if one asks whether calculators 
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should be permitted in examinations, the answer is that it 
is quite unnecessary for examiners to raise questions that 
necessitate the use of calculators. On the contrary, in a 
non threatening atmosphere, children can use calculators to 
study iteration of many algebraic functions. For instance, 
starting with an arbitrary large number and repeatedly finding 
the square root to see how soon the sequence converges to 
1, is illuminating. Even phenomena like chaos can be easily 
comprehended with such iterators. If ordinary calculators can 
offer such possibilities, the potential of graphing calculators and 
computers for mathematical exploration is far higher.It must 
be understood that there is a spectrum of technology use in 
mathematics education, and calculators or computers are at 
one end of the spectrum. While notebooks and blackboards are 
the other end, use of graph paper, geo-boards, abacus, geometry 
bores etc. is crucial. Innovations in the design and use of 
such material must be encouraged so that their use makes school 


mathematics enjoyable and meaningful. 


Here are some of the attributes expected of a mathematics 
teacher: 
1. Strong content knowledge 


2. Enthusiasm for the subject and the ability to inspire 


students. 


3. Passion for using new teaching techniques and delivering 


new content 


4. Ability to identify students’ misconceptions and suggest 


meaningful solutions. 


9. 
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Knowledge and desire to monitor and assess the students 


progress and identify areas for improvement 


. Integrating activities that promote independent thinking, 


collaborative learning, writing and talking mathematics 
skills. 


Interest in listening to students, openness to suggestions, 
and the ability to be fair-minded and sensitive to students 


needs. 


. Designing activities that relate classroom math to the real 


world. 
Integrating technological tools in teaching. 


Important aspects of problem solving. 


For effective teaching 


Teacher education programs, both pre-service and in-service, in 


India are strongly under the influence of the theory of teaching 


and learning, called Behaviourism. As a result, teachers remain 


as transmitters of knowledge. It can be summarized as 


1. 


Understand — Remember — Reproduce 

Learning is reacting to external stimuli, either through 
classical conditioning (reflexive response to stimulus), or 
through operant conditioning (reinforcement of behavior 


by reward or punishment). 


Understand — Acquire — Analyse — Apply 
Learning is process of constructing subjective reality 


based on previous knowledge and objective reality. 
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Effective lesson planning Teaching a topic/subtopic 
need to be divided into the following steps: 

Step 1: Observe and Explore: Motivating concepts 
The aim is to develop the pedagogical and content skill that 
are necessary for effectiveness as a mathematics teacher. Start 
your lesson with an activity related to the topic. It can be a 
video, a puzzle, a game, or a hands on activity. This should 
motivate initiating Math Talk in the classroom. Asking leading 
questions, soliciting students responses, and discussions should 
lead to related to material, the mathematical content, you 
intend to teach. 

Step 2: Define and Prove: Getting to the concepts 
This step relates to transacting the main part of the 
curriculum.Once again, as and when a concept is introduced, 
there should be an effort to incorporate inquiry and discussion. 
While proving theorems, ideas of reasoning and proof should 
be incorporated. A list of frequently asked doubts with 
explanations be prepared for each topic. Technological tools 
should be integrated topic wise to strengthen day today 
teaching. 

Step 3: Apply and Evaluate: Using the concepts 

This part relates to applying the concepts of a topic/subtopic 
to problems. It will be a good idea to incorporate a list 
of non-routine problems that challenge the students thinking. 
Application of concepts developed to real world problems 
should also be included. These will also help to evaluate the 
effectiveness of teaching. Main aspects of the resource 


material are the following: 


1. From concrete idea to concepts. 
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2. Understanding not memorizing. 
3. Thinking and doing, not remembering and reproducing. 
About 500 teachers from Maharashtra are being trained in 


this methodology of teaching udder the Rashriya Madhyamik 
Shiskasha Abhiyaan. 


Important Inequalities and Applications 
Dr S Muralidharan 


Students often find problems involving inequalities difficult. 
In order to help those preparing for Olympiads, we give 
some important inequalities and their applications in solving 


problems. 


Rearrangement Inequality 


Ten people queue up before a tap to fill their buckets. Each 
bucket requires a different time to fill. In what order should 
the people queue up so as to minimize their combined waiting 
time?” Common sense suggests that they queue up in ascending 
order of “bucket-filling time”. Let us see if our intuition leads 
us astray. We will denote by 7) < Jo <... < Tio the times 
required to fill the respective buckets. If the people queue up in 
the order suggested, their combined waiting time will be given 
by T = 107, + 97) +---+T 9. For a different queueing order, 
the combined waiting time will be S = 10S, +9S2+-:-+Sio, 
where (5), S2,...,519) is a permutation of (Tj, 7T,...,Ti0). 
The two 10-tuples being different, there is a smallest index i 
for which S$; # T;. Then S; = 7; < S; for some j > 1. 
Define S; = 5;,5; = S; and S, = S, for k # i,j. Let 
S’ = 10S}, +955 +---+ Si). Then 


SS! = (11-i)($;-S!) + (11-3)(8j- 84) = (Si- 8) (5-1) > 0 


Hence the switching results in a lower combined waiting time. 
If (S},S5,..-,Si9) # (Ni, T2,..-, Tio), this switching process 
can be repeated again. We will reach (7j,7>,---,7io) in at 
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most 9 steps. Since the combined waiting time is reduced in 
each step, T’ is indeed the minimum combined waiting time. 
Suppose we have four boxes where the first box contains 2000 
Rs notes, second, 500 Rs notes, third, 100 Rs notes and fourth 
50 Rs notes. You are allowed to take 3,5,7,10 notes from these 
boxes. How will you take the notes to maximize the amount? 
‘Which combination results in the minimum amount? 


We can generalize this example to the following result. 
Theorem 1 Consider two collections of real numbers in 
increasing order, 

a, < a2 < a3°*-Qn-1 < Qn and by < bo < b3---bn_-1 < by 


For any permutation (a),a5,...,a/,) of (@1,@2,...,@n) we 
have the following inequalities 


a,b) + agbg +--+ + anbn > a,b, + aybe + cae + albn (1) 
ab, + aybe ae steep abn > And] + Qn—1b2 +--+ aby (2) 


Moreover when a; are all distinct, then equality holds in (1) 
if and only if 


(a},@5,...,@,) = (a1, @2,.-.-,@1) (3) 
and in (2) if and only if 


(@15@5 55g) = (Gastipise ay Ga) (4) 


Proof Let 


S = a,b; + agbo + --- + a,-bp +--+: + agbs + Anbn (5) 
S’ = ab} + agbo +--+: + a,b, +--+ + 4,-bs + Anbn (6) 


The difference between (5) and (6) is that the coefficients of 
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6b, and bs are interchanged, where r < s. Now, 
S — S’ = a,b, + asbs — asb, — a,b, = (bs — b-)(ag — ar) > 0 


Hence S > S’. Since any permutation of (a1,a2,...,@n) can 
be obtained by a sequence of such interchanges, it follows that 
S25: 

To obtain (2), we apply (1) to the numbers 


—An < —Qn-1°*:-a2 <—a, and by < be < b3:-++ba_1 < bn 
to obtain 
—(Anb, + An—1b2 ++++ + Aibn) > —(aby + agbe +--- +a1b,) 
and hence 
aby + agbo +--+ + anbn > Gnd) + Qn_1b2 +-++ + aby 


The statement about when equality holds is obvious. 
Notation 
Sum product a,b; + agb2 +---+anb, will be denoted by 


We deduce the following Corollaries: 


Corollary 1 For any permutation (a},a5,...,a,) of 
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(a1, 42,..-,@n), the following inequality holds: 
Dd? 2 / / / 
aj+agt+-::+a_, 2 aja; + aga, +---+ ana, 
Taking b; = a;, we have 
Qa; Qa, ... An Qa; ag... An 
a = / / / 
1 ag eee an ay Q5 eee an 


Corollary 2 For any permutation (a{,@9,...,a,) of 


(a), @2,...,Qn), the following inequality holds: 


/ / / 
a, oa a 
ee eee eer es lL) 
Q) a2 Qn 
1 1 1 
The sequences (@),Q2,...,@n) and (2,4,....4) are 


oppositely sorted. Hence 


Qi; Q@, ... Qn Qa, a) «.. a 
io] i\<(1 1 1 
a ee Oe a a ee ae 


Corollary 3 (AM - GM Inequality) 


Let 21,22,...,2%n be positive real numbers. Then 
Ly +Tat-:: +2 
Equality holds if and only if 7} = zg =--: = Zp. 


Let g = ?/1122--:Z, and consider the sequence 


_ wy) _ 222 = Z1ILQ°*° In 
Pe a age 


By Corollary 2, 


and hence ng < 71 + 2%24+:°':+2n. 
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Corollary 4 (GM - HM Inequality) 
Let 21,22,...,Zn be positive real numbers. Then 


n 
aa a aT 
mba tT a, 
Equality holds if and only if 7] = 72 =---=@Zp. 
Define g and aj,@2,...,@, as in Proof of Corollary 3. By 
Corollary 2, 
a a a 
ic aa eas Se 49 
2 Q3 Q1 L1 Xr2 Ta 


Corollary 5 (Root Mean Square inequality) 


Let 21,22,...,Zn be real numbers. Then 


y+ %oa++::+Iy Z vi+ae+---+22 


n nT 


By Corollary 1, we have 


eet ast ee +02 = 210) + For. +++ EnIn 
ee tae t---+ a7 > ayr9 4+ 2903 4+-+-In21 
oe tae t.-- +42 > 2034+ 2904 4+-+- In 22 


eeee ee 


2 
re trp te +22 > ayt_ + rot, +++ EnLn-1 


Adding, we get 


n(x? + a3 +--+» +02) < (2) +a94+---+ 27)" 


Equality holds if and only if 7] = zg =---= Zp. 
Corollary 6 (Cauchy - Schwarz Inequality) 
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Let @1,@2,...,@, and b,,n2,...,bn be real numbers. Then 
(a,b, +agbe+---+anbn)? < (a? +a3+---+a02)(b7+b5+---+b2) 


The result is trivial if a?+a2+---+a2 =0 or b?+b3+---+b2 = 
0. 
Let 


A= /a?+a3+---+a2,B=4/b}+B+---+02 


Since A4O0 and B40, wecan put 


Q) a2 an 

ot a Nake eee Ve rn 

. by bo _ bn 
In+1 = Bont a B’ »22n = B 


By Corollary 1, 


a? t+az+---+az ob? 4+b8+---+02 
ry ns ; as 
=a} tah+--a}, 


2 = 


> £12Ln41 + LeXn42 +°°- + InLan 


+ Ln4121 + In42T2 + °** + L2nITn 
_ 2(a1b4 + agbo+---+ Anbn) 
7 AB 


and hence 
(a,b; t+agbo+-- -+anbn)* < (a? +a3+- -+a2)(b7+b34- -+b2) 


Equality holds if and only if 7; = %n4; @a;B =0;A, that is 
Pe is a constant. 

Corollary 6 (Chebyshev Inequality) 

Let x} < 22 <---< ap and yy < yo <-++: < yn be any real 
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numbers. Then 


(1 +++: +2n)(yi ++: +4n) 
nm 
> LXiYn + L2Yn-1 + °° + Tnyi 


Q1y1i + Tay2 + °°: + Inyn 2 


/ 


Can also be written in the form: 


Tiy1 + Toya ts: + Inyn S Tits ttn Yt tn 


7 mr 7 


L1Yn + XQYn-1 + °° + Inyi < Tite: tF[n Yt: +Yn 


nr nr nN 


Problems 


1. (Nesbitt Inequality) Let a,b,c be positive real numbers. 
Prove: 


a b Cts 3 
b+c cta a+b” 2 
Solution Without loss of generality, assume a > b> c. 


Then Thus (a,b,c) and 


ae > ; 
b+ece” ct+ta” at+b 


l 1 1 
ss ; are sorted in the same way and 
b+cct+taatbd | 


hence 
a b Cc a b Cc 
1 1 1 > 1 1 1 
b+e cta atbd cta a+b bt+e 
and 


a b Cc a b Cc 
1 1 1 > 1 1 l 
b+e cta a+b a+b b+c c+H+a 
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Adding, we get 


a b Cc 
Pesan ee enna > 
(stot spate) a 


. Let a,b,c be positive real numbers. Prove: 


a® +624 > a2b4+ b’c4+ ca 


Solution The sequences (a?,b?,c?) and (a,b,c) are 


sorted in the same way. 


az b* cc? az b? c? 
> 
(“¢ b i = ( b Cc _ 


. Let a,b,c be positive real numbers. Prove: 


ae+b4+0 > a4b+ bie 4+ cla 


Solution The sequences (a‘,b*,c*) and (a,b,c) are 


sorted in the same way. 


/a* & ct at bt ¢c4 
> 
(« b ac Cc . 


More generally, we have a” + 6” + c® > a™—1b 4 b” 1c 4 


c”—1q for positive reals a,b,c and n a positive integer. 


. If a,b,c are positive reals and n a positive integer, show 


that 


a” bn cn” qr} 4 pr-l 4+ cri 
—— +—— + > 
b+cec cta a+b 2 


Solution Consider 


1 ] ] 
Tr Tm nm d =. 
easy ee see aat) 
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5. Let a,b,c be positive real numbers such that abc = 1. 
Show that 


a+p4c34+ a°d? + b3c3 + ca? > 2(a*b + b*c+ c*a) 


Solution The sequences (a’,b*,c?) and (a,b,c) are 


sorted in the same way. 


a* b% ¢2 a® ob? ¢? 
- b brs Cc 7 


Since abc = 1, 


1 1 1 
ap +beit+ja=Stata 


C3 b3 


1 11 111 
The sequences. (5 52 aa) and i 5? >) are sorted in 
the same way. 


Hence 


Ge te. eb 
— b*c 4+ c*a+4+ ab 


6. Let a,b,c be positive reals. Show that 


1 1 a+b6b+c 
eS 


1 
Q2 a 2 abc 


Y 


Solution 
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Hence 


| 


7. Let a,b,c be positive real numbers. Prove: 


b? + ¢? were a” + b? 
a b Cc 


> 2(a+b+c) 


1141 
Solution a?,b*,c? and ae are sorted oppositely. 
1 1 1 
Ro 3) 


i : 

b 
e a* 3) 
Add to get the desired inequality. 


8. Let a,b,c be positive real numbers. Prove: 


Solution Clearing the fractions, we need to prove 
a‘c? + b4a? + cb? > absc? + bc8a? + cad? 


By Corollary 1 applied to the sequence (a?c, 62a, c*b) , we 


a*c b%a_ c*b 2 a*c ba c2b 
azc b2a c*b/-— \ba cb arc 


get 
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9. Let a,b,c be positive real numbers. Prove: 


az — ¢2 b? — a? c* — b2 
b+c ct+a a+b ~ 


Solution We need to prove 


Pa a cine ae ee I 
b+cec cta a+b” b+e cta a+b 
1 


2 b?,c? are sorted in the 


10. Let a,b,c be positive real numbers. Prove: 


Solution We need to prove 
at +b4+4c! > a*bc + b?ca + cab 


The sequences (a*,b?,c*) and (bc,ca,ab) are oppositely 


sorted. Hence 


a et \ fa? Be? 
be ca ab/-— \a? B 


11. (IMO 1995) Let a,b,c be positive real numbers such that 
abc = 1. Prove: 


1 1 1 3 
sates ace Ds Mia cele NAN gh ee, 
Bibi Bera) S@ae) 2 
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Since (x,y,z) and ( ad ; y : 2 ) are sorted in 
yt2z2z2+2 747+y 


the same order, we get 


(3 y so (4 y :_) 
Hs y z \y>o¢ y Zz x 
y+2 24+2 xrt+y Z+X2 x@r+y yrz 


ee 
NA 
~__— 
IV 
_—™. 
NS 
i 
8 
+); 
’ 
~_— 


My 
(3 
yr2z2t+tx x+y Tt+y yt2 


Adding, we get 


2( = + y" + e )2aty+e2 (aye) =3 
yt2 2+2 zrct+y/)] 7 


(IMO 1964) a,b,c are lengths of sides of a triangle. Prove 
that 


a*(b+c—a)+b*(c+a—b)+c*(a+b—c) < 3abe 
Solution Suppose a > b>c. Then 


a(b+c—a)—b(c+a-—)b) = ac— a’ — bc + 
= c(a — b) — (a— b)(a + 5) 
= (a—b)(c—a—b) <0 


Thus a(b+c—a),b(c+a—b),c(a+b—c) and a,b,c are 
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sorted in the reverse order. Hence 


‘oe b(c +a —b) —_ 


a b Cc 


b Cc a 


< ae b(c +a — b) _ 


and 


oO a) O(c — c(a oil? 


< - aden es 


Adding, the right side simplifies to 6abc. 


13. (IMO 1983) a,b,c are lengths of sides of a triangle. Prove 
that 


a*b(a — b) + b?c(b — c) + c2a(a — b) > 0 


Solution If s is the semi perimeter of the triangle, we 
put z= s—a,y=s—b,z=s-—c. Then 2z,y,z are 
positive and a=y+2z,b=z+2,c=x+y. The given 


inequality is equivalent to 
xz + yr 2 zy > xyz “F y? 22 = z*ry 


Since x7, y*,z* and yz,zz,zry are oppositely sorted, we 


a? ye 2? Z zy? 2? 
yz 2a zy/~ \xrz zy yz 


14. Prove that if a,b,c are the lengths of the sides of a 


have 
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triangle, 
a b C 
——_—__ + ——____  —____ > 3 
Fea, Geese atte 
Solution Making the substitutions r = s—a,y = 


s — b,z = s-—c, where s is the semi perimeter of the 


triangle, we need to prove 


UP 2. 255. LY 
> 3 
22x 2y - 22° 


111 
Since (z,y,z) and (=. 7 -) are oppositely sorted, we 


have 
1 11 2 re 
cy z\e(r y 2z 
Geese 
and 
1 11 1 1i 
ry z\ecef/xr yz 
ero *Gne 
Hence 
ya & Zz 2 +2 2+2 Bt 
ox (¥42+2\4(24244) Pet see, 3 
a aye Zy 2 x y z 
Let aj, @2,.--,@, € R® and s =a;+a9+---+a,. Show 
that 
a a a n 
1 os 2 eae n > 
S—a, Ss-—ay S—-Q,° n-l 
Solution The sequences (a1, @2,...,@n) 


1 1 1 
and ( , ama ) are sorted in the same 
S$—a, 8—a9 $—An 
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way. Hence 


1 1 1 1 1 1 
8—a) s—a2 “e*  8-An > 8—Q) S—a2 “eo *  $-an 
Q} ag... = «Gan a a2 Gs. oss, ay 


<P eee oe aude. 1 on) ee oo ae 
8—a} 8—a2 78" 8—-an > ‘x 8—a2q °°" 8-@An 
Q) a2 see. - ig a An Qy 2s An-1 


Adding the above, we get 


a a a 
n( =— + —S 4... )en-1 
S—a, s8—ag 8S — Qn 


16. (RMO 2017) Let x,y,z be real numbers, each greater 
than 1. Prove that 


1 1 1 =z-1 —] —] 
r+ y+ Peas < gi De 
yt+t1l 241 r44+17 y-1l 2z-1 2-1 


Solution We need to prove 


1 —] 1 -] 1 — 
zr+l1l_ fz yt+1l sy gree 2 ay 
yt1l y-l1l 24+1 2-1 r4+1 s-!1 


2(iy—z)  Az—-y) | Ax-z) 

see a Se 26 
i y? —1 aoe! oe = 

My y z z wb Yy 

SS eee < eo a 
ea Ge ete = gee a 
] 1 ] 
Since (x, Y; z) and (a5: yl? =) are 


oppositely sorted, we have 


1 1 ] 1 1 1 
(= y2—1 a1) < (= y? —1 #1) 


x y Z z x y 
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17. (APMO 1998) Let a,b,c € Rt. Show that 


18. 


a b Cc a+b+c 
1+— -}J({1l+-—)> ———— 
(1+§) (1+) (+5) 22(14 7S ) 
Solution Expanding the left hand side and simplifying, 


the inequality reduces to proving 


ab cia €. ) . Matdr¢) 
b c ac bb am~  W¥abe 


Put a=2°,b = y3,c = z®. We need to prove 


a ae OE SA OC A 
ys 2 gs 7 ys!) 8 ryz 


x? y* zg? gt 2? y? 
Qk 62: Aa. 52. 50. “22 
Sg Pe EEF) 
z M 5 y y L 2 
; ) 3 3 3 
The right hand side simplifies to oie + +2") 
Lyz 


(IMO 1975) Let 2} < zo <---> < Zp and y3 < yo <---< 
Yn be real numbers. Let (21, 22,...,2n) bea permutation 


of (y1, Y2,---;Yn)- Prove that 


(21 — y1)? + (xo — yo)? +--+ + (tn — Yn)? 


< (2 — 2)? + (xo — 22)* +---+ (an =.ga)r 


Solution Note that 577_, y? = 37%. z?. Expanding and 


i=1 


Important Inequalities 27 


simplifying, the desired inequality is equivalent to 


X1Y1 + T2Y2 + °°: + @Mnyn = W122 + L222 + +++ + In2n 


which follows from Rearrangement inequality. 


19. For a,b,c > 0, show that 


a*+be b?+ca = c*+ab 
b+e c+a a+b 


>at+b+c 


b+c’cta a+b 
are similarly sorted, by Rearrangement inequality, we 


Solution Since (a?,b?,c?) and ( 1 1 1 


have 
a? b? Cc? b2 c? a? 
( 1 4g )>( a ae 
b+e cta at+bdb b+c cta a+b 
Thus 


a*+be b*+ca  c*+ab 
b+c cta a+b 
2 2 2 
a0 eo ace +ca a“+ab 
— b64+¢ ct+a a+b 
=b+c+a 


20. a,b,c >0 such that a? + b* + c? = 1. Show that 


Pe 
a2 


Solution We need 


2(a° + b°§ + 3 
sp, CNG ae) 


1 
+ =>3 
c2 abc 


| a | 2(a° + b? + c?) 
2 2 BY fe hs BS a, oy Ss OA ee ee 
(a“ +b +0)(Stpta)23t ah 
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Expanding the left hand side, this is equivalent to 


Or i ihe eG pls Glee ais re ae 
ce atc? 2 2 be ca ab 


a b ¢ ab e a 6 ¢c a@ bee 
(SESE Se eee se) 
b ca eco ae ob c a b b cio a 
Cauchy-Schwarz Inequality 
Theorem 2 For real numbers aj,a2,...,@n,61,62,...,0n the 


following inequality holds: 
(a1b) +a2b2+---+anb n)” S (aj +a5+---+a7)(bj+b3+--++5) 


with equality holding if and only if 


Let us derive another inequality using Cauchy-Schwarz 


inequality: 
Theorem 3 (T2 Lemma) For real numbers a}, a2,...,Qn and 
positive real numbers 21,22,...,27 the following inequality 
holds: 
2 2 ee 2 
47% ny (tant +n)" 
Ly XQ Dy 4 Of ae ak Ay Tacs saan cae 


Proof is easy: Apply Cauchy-Schwarz inequality to the numbers 


at jae az 
(1) / f / 
3 5° * * 5) 3 L1, 22; es» © 5 In 
al £2 in 


We can also use induction: 
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aj. a5 (ai tae)? _ (ayx2 — agr1)° 


= > 0 
Zi Zo %+22 £1 X9(X1 + 12) 
Thus 
2 2 2 
a a a,+a 
al te a2 > (a1 + a2)" 
Ii 2 1 + X2 
Now, 
2 2 2 2 2 
a , 2 , 43, (ar taa)" | a5 
YZ} % %@®@° #8 244+ 22 3 
= (a, + a2 + a3)” 
Z1+72+ 73 
and so on. 


The T2 Lemma is very useful in proving many inequalities. We 


will illustrate through several examples. 


Examples 


1. a,b,c,d are positive real numbers such that a+b+c+d = 


1. Show that 
@ fe al 
a+b b+c c+d d+a~ 2 
Applying the Lemma, we get 
a? b? c? d? (a+b+c+d)? 


fae ae Oa aa ~ 2at+b+c+d) 
_atbt+ctd_ 1 


2 a, 


2. Let a,b,c be positive real numbers such that a? + b? + 


30 The Mathematics Teacher 


c* = 3abc. Show that 


a b Cc 9 

c2q2 - a2b2 — a+b+c 

a b ¢ a‘ b4 cf 

Bet * Bal * a2? a8b2e2 * eka? * Barb? 

(a? + b* + c?)? 
a 
~ atb2c?(a+b+c) 
9a2b*c? 
a2b2c?(a +b +c) 
9) 
a+b+c 


3. If a,b,c are positive reals, show that 


+e  c+at a+b 
C 


>2 b 
i 5 > 2(a+b+c) 


We have 


+e ch tat pote 


(b6+c+c+a+a+b)? 
= 2(a+b+c) 
= 2(a+6b+c) 


4. If a,b,c,d are positive reals, show that 


1 1 1 1 


CERee beh Gad bees 
16 


pe ee 
— 3(a+b+c+4+d) 
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1 1 1 1 

epee ae ae ea 

. (1+1+1+1)? 

= (a+b+c)+(at+b+d)+(at+tct+d)+(b+c+d) 
16 


~ 3(a+b+c+d) 


5. Let a,b,c,d be positive real numbers such that a+ 6+ 
c+d=1. Prove that 


Bg Oy ci! 
a+b b+c ctd d+a™ 2 
Applying Theorem 3, we get 
a”, b? ree d? (a+b+c+d)? 
a+b b+c ct+d d+a a+b+b+¢cet+etdtidste 
_ (a+b+c+d)? 
~ W%a+b+c+d) 
_atbtctd 1 
7 2 2 


6. Let a,b,c be positive real numbers with a? + b? + c? = 
3abc. Prove that 


a ss b a Cc 9 
b2c2 ss c2a2-——s a*#2 Oa a +b 
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Pi Oy SO 
b2c2—— c2a2_—s a2b2-— ss ab2c2 Ss bc2a2 ~— cab? 
2 b\2 2 

_@) @Y, @ 

a b Cc. 
b 2 

(Sue 

a+b+c 

(ttyeee” 

abc 


by Theorem 3 


a Bee 


9 ; 
— ——_—__ since a? + 6? +. c? = Babe 
a+b+c 


7. For any three positive real numbers a,b,c show that 


3 3 3 | 

a b Cc a+b+c 
ee i ae ee See Lee ara ee 
a*+ab+ 5b b¢+bc+ec c-+ca+a 3 


a? b3 c3 
@+ab+h ' Btbete tara 
a4 b4 c4 
a(a? + ab + b?) + b+ be +2) * oe +a +02) 
ss (a? + b? + c*)? 
~ a(a? + ab + b*) + b(b2 + be +c?) + c(c? + ca + a?) 
7 (a? + b* + c?)? 
esi 
_a@ +h +e? 
— atbte 


Now, by Power-Mean inequality, 


ja?+P+e? (at+bte 
3 ~ 3 


a+b? +e? atbte 
at+tb+c ~— 3 
This completes the proof. 


and hence 
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8. (Nesbitt inequality) Let a,b,c be positive real numbers. 


Prove: 
a # b ne C 3 
b+c cta a+b” 2 
a eS b : Cc a?’ = b? mn c? 
b+e cta at+b a(b+c) b(c+a) c(a+b) 
(a+b+c)? 
— 2(ab + be + ca) 
Hence we need to prove 
(a+b+c)? 3 
2(ab+ be+ ca) ~ 2 


(a+b+c)? 3 2 
$$ > ~ b > 
ab che hea) 2 <=> (a+b+c)* > 3(ab+ be + ca) 


=> a?+b* +c? > abt+be+ca 


which clearly holds. 


9. Let a,b,c be positive real numbers. Prove that 


a b Cc 9 
eS ape aa Sean Ya ac 
b(b + c)? c(c + a)? - a(a + b)? ~ 4(ab+ be + ca) 
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We have 


eee eee eee 
b(b+c)? c(c+a)* a(atb)? 
a? b? c? 
= (b+c)? (ct+a)? (a+b)? 
Se ee 
ab bc ca, 
2 
b 
“ (sts + ats + af) 
ab + be + ca 
9 
> by Nesbitt i lit 
= dab + bc + ca) y Nesbitt inequality 


10. Let a,b,c be positive real numbers. Prove: 


a? b3 3 


Sia dpe oS oboe 
be ca ab 


We have 

a BB a4 b4 Ss c4' 

be ca ab abc bea ‘cab 
= (a? + b? + ¢)? 
— 3abec 


o((m2)!) 


3abc 
4 
9 (sty+¢) 
3abc 
— (a+b+ c)3 


a7abe (a+b+c) 


> j : 
>a+b+c_ since by AM-GM a7abe 


11. Let a,b,c be positive real numbers such that abc = 1. 
Prove that 


3 
(a+b+c) 4 
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a? b3 3 a4 b4 c4 
+ —— + —— = 4 4+ 
b+ec cta a+b ab+ac bec+ba ca+cb 
(a? + b? + c*)* 
~ 2(ab + be + ca) 
(a? + b? + €?)? 
~ 2(a2 +b? +c; 
+h +e . 3(abc)2/4 
eee 


2 
2 


12. (IMO 1995) Let a,b,c be positive real numbers such that 
abc = 1. Prove that 


1 rn 1 n 1 a 3 
ax(b+c) bB(c+a) c(at+b) ~ 2 
We have 
1 1 1 + WE - 


a3(b + c) a b3(c + a) : c3(a + b) ~ a(b +c) az b(c + a) = oa 
GEpte) 
| ~ 2(ab + be + ca) 
(cbtbeten )” 
~ 2(ab + bc + ca) 
_ ab+be+ca 
7 2 
‘s 3(abc)3 


Another method Let a = 4,5 = +,c = 4. Then 
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xyz =1 and 


1 1 1 x? y” Zz 
a3(b +) + Ble+ a) * Ba+d) ie ae ee 
(x t+y+z)? 
— 2Wrz+ytz) 
~etytzy 3./Tyz _3 
2 — 2. 2 


13. If a,b,c are positive prove that 


a b Cc 


aoa >1 
E06 Ct oa” ab - 


We have 
_@ bb ee 
b+2c  c+2a a+2b a(b+2c) b(c+2a) c(a+2b) 
(a+b+c)* 
~ 3(ab + be + ca) 
> 1 
since 


3(ab + bc + ca) = (ab + bc + ca) + 2(ab + be + ca) 
< a? +b? +c? + 2(ab + be + ca) 
= (a+b+c)* 


14. Prove that for all positive real numbers a,b,c satisfying 


a+b+c=1 the following inequality holds 


a ds b rs Cc 9 
l1+be 1l+ca 1+ab~™ 10 
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We have 


a ina Cc 
l1+be l1+ca 1+ab 

a? b? c? 
a(l+bc) b(1+ca) c(1+ab) 
(a+b+c)? 


~ a+b+c+ 3abec 
1 


= 1 + 3abc 


Now, 


3(abc) 3 <at+b+c=1 => abe < = 


and hence 
1 9 


ne 
1+ 3abce ~ 10 


15. (IMO 1990 Shortlist) Prove that for any four positive real 


numbers a,b,c,d such that 
ab + be+cd+da=1 


the following inequality holds: 


a? 4 b3 i 3 in d3 a. 
b+c+d ctd+a d+a+b a+b+c7 3 
We have 
a? b? C3 d3 
+ —  +- ——— 
b+c+d ctd+a dt+at+b a+b+c 
a4 b4 cA d4 


“Gbterd.” Kerd ta) caret) datene 
(a? + b? + c* + d?)? 
— 2(ab + ac + ad + bc + bd + cd) 
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Now, 
2(ab + ac + ad + bc + bd + cd) 
< (a? + b?) + (a* + c*) + (a* +d’) 
+ (b? + c*) + (b? + d?) + (c? + d?) 
= 3(a? + b* + c* + d’) 
Also 


1=ab+bce+cd+da 
< Vat +b? 4+ c2 + d*V/b? + c? + d* + a? 


=07+0+4+c°4+d¢? 


Hence 
a? &3 Yous a 
eed eas eae aah ee 
(a? + b? +c? + d?)? 
— 2(ab+ac+ad + bc+ bd + cd) 
(a? + b? +c? + d*)? 
— 3(a2 + b? +c? + d?) 
a? + b* + c* +d? 
7 3 
1 
me 
3 


16. (IMO 1993 Shortlist) Prove that for any four positive real 


numbers a, b,c, d 


bi dce4 3d’ c+2d+3a'd+2a+3b'at2bt+3e~ 3 


Important Inequalities 39 


We have 


a b Cc d 

b+2c+3d  c+2d+3a d+2a+3b at2b+ 3c 

a? b? 

a(b+2c+3d) b(c+2d+3a) c(d+2a+ 3b) 
d? 
+ 
d(a + 2b + 3c). 

. (a+b+c+d)? 
~ 4(ab + be + de + da + ac + db) 


Hence we need to prove 

3(a+b+c+d)? > 8(ab+bce+cd+da+ac+db) (7) 
Since 
(atb+c+d)* = (a?+b’+c*+d")+2(ab+bce+cd+da+ac+bd) 
establishing (7) is equivalent to proving 
3(a+b+c+d)* > 4(a+b+c+4d)* —4(a? +b? +c? + a?) 
or equivalently, proving 

(a+b+c+d)? < 4(a2 +0? +02 +4?) 


This follows from Cauchy-Schwarz: 


l-a+1-b+1-ct+l-d < V1? 4+ 124+ 124+ 12Va?+b? +c? + 


17. For a, b,c positive reals, show that 


2 1 2 
a” + ie Tense 
b+e c+a a+b 


40 The Mathematics Teacher 


We have 


a*+1 b+) ce +] 
b+e ct+a a+b 


“(a2 B  @ 

=(tocetans) 
] 1 1 
+(Gtacts) 


(a+b+c)? (1+1+1)? 
— A(atb+c) 2%at+b+c) 


go Es, 9 
—  Q 2(a+b+¢) 
5 a+b+c 9 


a ed 
- 2 2(a+b+c) 


18. For a,b,c positive reals, prove that 
a2+b7 b?4+c? c+a? 
a+b b+c c+a 

We have 
a+b? b%+c* c*+a? 
a+b b+ec c+a 


hf Oe 
~~ \atb bt+e ct+a 
b? c? a? 
+( 4+ +) 
(a+b+c)* (b+c+a)’ 


— 2Aatb+c) 2%(a+b+c) 
=at+b+c 


>at+b+c 
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19. For a,b,c positive reals, prove that 


3 b3 3 
= = Z >ab+bc+ca 


oe @ 
3 b° 3 at b4 C4 
~ ab be ca 
, (a? +b 40%)? 
ab + be + ca 
a (ab + bc + ca)? 
ab+be+ ca 
since a* + b* + c* > ab+bc+ca 


=ab+bc+ca 


20. For a,b,c positive reals, prove that 


a®b + 8c + 8a > abc(a + b+ c) 


We have 


1 


a 
a°b+Be+a= +7 + 


= abc(a + b+ ¢) 


21. For a,b,c positive reals such that a?+6?+c? = 3, prove 
that 3 13 3 

—— + —— + —— > l 

b+2c ct+2a a+t+2b7— 
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We have 


3 b3 ce 


b+2c c+2a’ at2b 
a b4 C 
~ a(b + 2c) + b(c + 2a) ui c(a + 2b) 
(a? + b? + c*)? 
— 3(ab + bc + ca) 
9 
3(ab + bc + ca) 


4 


Now, 
3(ab + bc + ca) < 3(a? +b? +c”) =9 


and hence 
9 


—_—________ > ] 
3(ab + bc + ca) ~ 


and the desired inequality follows. 


22. Let a,b,c be positive real numbers. Prove that 
a 
(at+b)\(a+c) (b+c)(b+a) (c+a)(c+b) 

We have 
ey 
(a+b)(at+c) (b+c)(b+a) (c+a)(c +b) 


de (a+b+c)? 
~ a? + b* + c? + 3(ab + be + ca) 


3 
pee 
— 4 


Hence we need to prove 


(a+b+c)* 3 
So te eset a eed st Ae eee Sen 
a” + b? +c? + 3(ab+bc+ ca) ~ 4 
<=> 4(a+b+c)? > 3(a? + b* +c”) + 9(ab + be + ca) 


— a® +b*+c* > ab+bce+ca 
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which obviously holds (by Cauchy-Schwarz). 


23. Let a,b,c be positive real numbers such that a? + b? + 
c* = 3. Prove that 


a* b2 c? (a+b+c)? 
Rann af ee of 
2+b+c2 24+c4+a?2 24a+60? 12 

We have 
a? b? c? x (a+b+c)? 


pe Pere tha —9+at+b+c 


Now, 


a+b+c oa 
a ek. Saas ae ad 


This can also be seen by applying Cauchy-Schwarz: 


(a+b+c)* = (a-1+b-1+¢1)? < (a?+b?+c*)(1?+17+1%) =9 


Hence 9+a+6+c < 12 and the desired inequality follows. 


24. Let a,b,c,d be positive real numbers such that a+ 6+ 
c+dz=1. Prove that 
a” b? c? d? 


1 
ahha oa 2 


We have 


a? a b? é c? a d? (a+b+c+d)? 
atb b+e ct+td d+a7 2(a+b+c+d) 


RS | — 


25. Let a,b,c,d,e be positive real numbers. Prove that 


La tye Rae a pee 
~b+te ctd d+e eta a+b” 2 
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We have 
Es oe ee eee ee 
b+e ctd d+e e+a a+b 
a b2 Cc d? e? 
are) es ay care) aecea) cGseo) 


a (a+b+c+d+e) 
— a(b+c)+b(c+d)+c(d+e)+d(e+a)+e(a+ db) 


Hence we need to prove 
(a+b+ct+d+e) 
a(b+c)+b(c+d)+c(d+e)+d(e+a)+e(a+b) 
<> A%at+b+c+d+e)? 
> 5(ab + ac + ad + ae + bc + bd + be + cd + ce + de) 


a) 
es 
ae 


<=> 2(a* + b? +c? +d? +e?) 
>ab+ac+ad+ae+bc+ bd+ be + cd+ ce + de 
<=> 2(a? + b* +c? +d? +e?) 
> (ab+ bc + cd + de + ea) + (ac + bd + ce + da + eb) 


Now by Cauchy-Schwarz, we have 


ab+be+cd+detea< Va2+h? +2424 e 
=7+P4+4+a0 +e 
ac + bd+ ce +da+eb< Vaz + b2 + c2 + d2 + e2 


=a*°+b?+c*4+d? +e? 


Another way to see this is as follows: 
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26. 
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Let S=a+b+ciddte. 


(at+b+c+d+e)? 


a(b+c)+b(c+d)+c(d+e)+d(e+a)+e(a+)) 


(a+b+c+d+e)? 
5(a(S —a)+b(S — b) + c(S —c) + d(S — d) + e(S —e)) 
(a+b+c+d+e)? 
S((atb+c+d+e)?2 — (a? +b? +c? + d? + e?)) 


Hence we need to prove 
(a+b+c+d+e)* <5(a*+b° +c? +d? +e?) 


which follows from Cauchy-Schwarz inequality. 


Let a,b,c,d be positive real numbers. Prove that 


a re a a ee ae 
a+2b+c 64+2c+d ct+2d+a d+2a+bd7 


We have 


a b C d 
a Obee beeea ca tite donee 
a? b? Cc? 
= ——_—__ + ——___ + ——___~ 
a(a+2b+c) 0b(b+2c+d) c(c+2d+a) 
d2 
d(d + 2a + b) 
e (a+b+c+d)? 
— a2 + b* + c? + d? + 2(ab+ac+ ad + bc + bd + cd) 


=1 


+ 


27. Let aj, @2,...,@n,61,b2,...,5n be positive real numbers 


such that 


ay t+ag+---+an = 0) +b24+---+ 0, 
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Prove that 
2 2 2 
ay as ay, 1 
= a ae > —(aj +ao+---+a 
aj+b; agt+ bo An + bn x : Ss n) 
We have 
2 2 2 
a a a 
eee Be He seta ee 
a; + bj az + be An + br 


“s (a, +a2+---+4an)? 

~ (a; + by) + (a2 + b2) + +++ + (Gn + bn) 
_ (a1 +a2+-+++@n)? 3 

7 2(a1 + a@2+---+4n)) 


1 
= 5 (a1 + a2 +--+ +an) 


28. Let a,b,c are the lengths of sides of a triangle. Prove 


that 
a b Cc +3 


picia Clea eae 
Since a+b>c,b+c>a,a+b>c, the denominators 
are all positive. We have 


we 
b+c-—a ct+a-b a+b-c 
a? b? c? 
~ a(b+c—a) " here oby  at be) 
(a+b+c)* 


ener dl ey Se es 
~ 2(ab+ be + ca) — (a? + b? + c?) 
We need to prove 
(a+b+c)? 8 
2(ab + bc + ca) — (a? + b? +c?) ~ 
<> (a+b+c)* > 6(ab+ be + ca) ~ 3(a? + b* +c’) 
<> 4(a* + b* +c?) > 4(ab + be + ca) 
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29. 


which holds. 


Let a,b,c are the lengths of sides of a triangle. Prove 


that 
a b Cc 


eles ay Sto Lae dS 6, 
Aah abe beeen 
We have 


a b C 
Rs ee bina 
a” b? c? 
~ a(c+a—b) Y haga b =o) © 6b e=a) 
a+b+c)? 
—~@+P4e 


Hence we need to prove 


a+b+c)? 
a? + b* + ¢? — 


or equivalently, 
ab+be+ca>a*+b?4c? 


which is clearly false! Hence direct application of T2 


Lemma does not work. 


If s= athte is the semi-perimeter of the triangle, let us 


put 
ae b+c-—a bag c+ta—b 
— > Sa ee a °? 
a+b—-—ec 
Z=s-Cct= 
2 


Hence z,y,z are positive and 


a=yt+z, b=z+2, c=2+y 
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The inequality to be proved is now 


yt2z2 2+2 rt+y 


> 3 
2y 22 26 °° 


Now we can write 


yt2 2+2 xcty | 
2y 2z yn 


30. If a,b,c are sides of a triangle and s = 2+* is the 


semi-perimeter, prove that 


(s-a)? | (s-b? | (@-0? 3 


bc ca ab U~—(C 
We have 
(s — a)? re (s — b)? i (s —c)? 
bc ca ab 
| ((s—a) + (8-8) + (s-6))? 
= bc + ca+ ab 
(atbte)? 
= y) 
bc + ca+ab 


Hence we need to prove 
(a+b+c)* > 3(be+ ca + ab) 
or equivalently, 
a2 +0% +c? > bc+ca+ab 


which clearly holds. 
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31. For positive real numbers a,b,c such that abc = 1, prove 


that 
a b Cc 
>] 


peel cher alpel 
We have 


a b c 
pickt chart ape 
Z a? b? c? 
~ a(b+ct+1) * hee a) * (a+b) 
- (a+b+c)* 
~ (a+6+c) + 2(ab+ be + ca) 


Hence we need to prove 
(a+b+c)? 


ee en SSE 2 SE ee ER 
(a+b+c)+2(ab+bc+ca) — 
<> (a+b+c)? > (a+b+c) + 2(ab+ be + ca) 


<=> a+b? +c>at+b+e 


Now, by Power-Mean inequality, we have 


a2 + b? + 2 . (2*b+e) 
3 i 3 


b 
— a+ 42> ATF x at b+0) 


CREE sah 


by AM-GM inequality 


— > a?+b*+c*%> 
—-a+b+c_ since abec=1 


32. a,b,c are real numbers such that ab+bc+ca > 0. Show 


that 
ab be ca 1 


eae RSS aT ag Bees nage Cry eA een gE 
a? + b tet e ar raey oD 
Here, applying the Theorem 3 directly is cumbersome. 
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Instead, we first add 5 to each fraction on the left. We 


need to prove 


ab fe ae bc a be ca ie 
az2+b2 2 b+c2 2 c*#+a* 27 


Now, the left hand side can be written as 


(a + b)? (b+ c)? (c+a)? 
2(a2 ++ b2) 2(b2 +c?) = 2(c? +. a?) 
(2a + 2b + 2c)? 
— A(a? + b? + c?) 
_ (at+b+c)? 
= 24R+a 
2(ab + bc + ca) 
=1+—saa 
a*+b*+c 
>1 since ab+ bc+ ca > 0 


33. If a,b,c,d are positive real numbers such that a? + 6? + 
c* + d* = 1, show that 


a° i b° " ro ns d° gs il 
b+etd at+ct+d at+b+d a+b+c°™” 12 
We have 
a° b° © d° 
Fond Gem aad epee 
a® b® c& d® 


~ a(b+c+d) ead) eae paca) + Ga+b+0) 
. (a? +b +c +d’)? 
~ 2(ab + ac + ad + be + bd + cd + da) 
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Now, 


2(ab + ac + ad + bc + bd + cd + da) 
= (a+b+c+d)* — (a? + 6% +c? +a?) 
=(a+b+c+d)*-1 


Hence we need to prove 


(P+b+A+d)? 1 
(a+b+c+d)?—17 12 


Now, by Power-Mean inequality, 


1 
a® + 6° + c3 + d3\ 3 a? + 6? + c* + d? 2 
4 = 4 
 atb+etd 
— 4 
Hence 


1 
ae +b +e +d? >= 
a+b+c+d<2 


Hence 

(at+b+c+d)?—-1~ 22-1 12 
More generally, if a), a2,...,@n are positive real numbers 
such that 


at+as+---+az=1 
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then 
5 5 
a a 
ee er eee? nearer oe 
a2+A3+°**+Qn 4, +03 4+°'* Tan 
a> 
cae 
Qa, +aq+°+''+@n-1 
1 
— n(n — 1) 


34. Prove that for any positive real numbers a, b,c, 


a*®+be b?+ca_ c*+ab 
+ 
b+ec c+a a+b 


We have 


a*+bc b%+ca 4 c* + ab 
b+c ct+a a+b 
(a? + bc)? (b? + ca)? (c? + ab)? 
(a? + be)(b+c) (b?+ca)(c+a)  (c* + ab)(a+ b) 
“ (a? + b? +c? + ab + be + ca)? 
— 2{ab(a + b) + be(b+c) + ca(c+a)} 


>a+b+c 


Hence we need to prove 


(a? + b? + c? + ab + be + ca)? 
> 2(a+6+c) {ab(a + b) + bc(b + c) + ca(c+ a)} 


Expanding and canceling equal terms, the above reduces 


to proving 
at + b44c* > a?b? + b?c? + ca” 


which obviously holds. 
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Remark Consider the function 


f(a, b,c) = (a? +b? +c? + ab + be + ca)?— 
2(a + b+ c) {ab(a + b) + be(b +c) + ca(c + a)} 


We need to show that 
f(a,b,c) = a* + b* + c4 — (a7b? + b2c? + ca?) 


Of course, we can do this by brute-force but the following 
argument does it elegantly. 

f is a homogeneous and symmetric function of degree 4 
in a,b,c. Hence the only terms that can occur in the 
expansion of f are a’b’c) where i+j7+k = 4. The 
coefficient of a‘ is clearly 1 since a* term occurs only in 


the expansion of the first term 
(a? + 6? +c? +.ab + be + ca)’ 


Due to symmetry of f , the coefficients of b4 and c’ are 
also equal to 1. 
Now, ab® can be obtained from f(a, b,0). We have 


f(a,b,0) = (a? + b? + ab)? — 2(a + b)ab(a + b) 
= a* + b* + 3a7b? — 4a7b? = a* + b* — 070? 


Thus the term ab? can not occur in the expansion 
of f(a,b,c). By symmetry, none of the terms 
ab, bc? , b3c,ca?, c®a occur in f(a,b,c). 

The term a?b? has coefficient 1 when we expand the first 
term and has coefficient 2 when we expand the second 


term (from multiplying 2a and ab(a+b)). Thus the 


o4 
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coefficient of a2b* is —1. By symmetry, the coefficients 
of b?c* and c?a? are also —1. 

Also, the coefficient of abc? in (a?+b?+c?+ab+bc+ca)* 
is 4and in 2(a+b+c) {ab(a + b) + bc(b +c) + ca(c+a)} 
is also 4 and hence the terms cancel out. Similarly none of 
the terms ab*c,a?cb occur in the expansion of f(a,,c). 
Thus, 


f(a,b,c) = a* +. b4 + c* — (a7b? + bc? + ca?) 


(Balkan 2002) Prove that 
2 2 2 27 


————- + ——_- > 


HG4O) coo) -a@e)  @aee: 
for positive real numbers a,b,c. We have 


2), 2 2 
b(a+b) c(b+c) a(c+a) 


} 1 1 
a), Cc a 
ti +i+s4) 


pe: Sipe (ee ee 
, Avot vet va) 
ba 2(a+b+c) 


(+ de+ de) 
~ (atb+e) 


Hence we need to prove 


2 
Groee (z+z+=) > 27 
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Now, by AM-GM inequality, we have, 
a+b+c > 3(abc)3 
(5+4+5)> ; 
vb ve Va) ~ (abc)3 
Multiplying the above two inequalities, we obtain the 


desired result. 


36. (Estonia 2004) Let a,b,c be positive real numbers such 
that a? + b%?+c* =3. Prove that 


1 1 1 
a ee ar en ee | 
1+2ab' 142bc' 142ca = 


Since 2ab < a? + b?, 2bc <b? + c* and 2ca < c*+a?, 


we have 
1 1 1 
1 Oab. 14 9be 1 Pea 
ee ees eer 1 
— 1+a*+b? 146?+c? 1+c?+¢? 
Cais 4 
— 34+ 2(a2 +b? + c2) © 


37. If a,b,c are positive real numbers such that a? +6%+c? = 
3, show that 


1 2 1 1 
l+ab 1+bc 1+ca 
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We have 
1 rs 1 . 1 
l+ab 1+bc 1+ca 
(’+1+1)? | 9 
- ,tab+be+ca 3+ab+bc+ca 
> since ab + be+ ca <a? +0? +c =3 


I 


Nol] Co! © 


38. (Greece 2007) If a,b,c are the sides of a triangle, show 
that 
(a+b—c)* (b+c-—a)* (c+a-—b)4 eee 
bb+c—a) cie+a—b) ala+b—c) — 
We use the substitution a=y+z,b=2z+2,c=2r+y 


where z,y,z >0. The given inequality transforms to 


(2z)* (2x)* (2y)4 
2z(r+z) 2y(y+anr) 2z(y4+z) 
>(x+y\(y+z)+(ytz(z+2)4+(z4+2)\(x4+y) 


Now, 


(2z)* (22)? (2y)4 
2r(r+z) 2y(y+r) 22z(y +z) 


( 7A x4 yi! 
a(r+z) yly+zr) 2(y+z) 
( (a? + y? + 27)? 
z2t+y2+ 227+ ry + yz+ 22 
(x? + y? + 27)? 
= (x? + y? + 2?) 


since a? + y? + 2? > ry + yz+ 2x 


IV 
oo 


V 
00 


= A(x? + y? + 2?) 
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Also, 


(xr+y)(yt+z)+(yt+z\(z+z)+(z+2z)(r+y) 
= (x7 + y? + 27) + 3(ry + yz + 22) 
< A(x? + y* + 2”) 


This completes the proof. 


39. If a,b,c are positive real numbers such that a+b+c=1, 
prove that 
b+c)° b)° _ 32 
aun Sag) + eee > —(ab + be + ca) 
a b Cc 9 
We have 


aus n as rn Sees 
— (b+c)®  (c+a)® (a+b)? 
~ a(b+c) b(e+a) c(a+d) 
. ((b+c)3 + (c +a)? + (a +6)3)” 
— a(b+c)+b(c+a)+c(a+b) 
((b+c)? + (c+a)3 + (a + b)3)” 
2(ab + bc + ca) 


Hence we need to prove 


(b+c)?> +(c+a)?>+(a+b)* > (apedsen) 


© | GO 


By Power-Means inequality, 


3 
2 (b+c)+(ct+a)+(at+b) 2 


— 3 3 


(Gres (oro tar yy’ 


08 
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Hence 


(b+c)°+(c+a)? + (a+b)? >= 


Also, 


3(ab+be+ca) < (a*+b*+c?)4+2(ab+be+ca) = (a+b+c)? = 1 


and hence 
i 
ab+bc+ca < 3 
Thus 
| 8 8 1 
(+0) +(c+a)®+ (a+b) > == ox 5 > S(ab+be+ca) 


This completes the proof. 


If a,b,c are positive real numbers such that a?+b?+c? = 


1, prove that 


d : 1 n 1 e 81 
a°(b? + c2)2_—b°(c2 +07)? c®(a2 +. b2)2 ~ 4 
We have 
of 1 1 
a5(b2 + c2)2 ° b5(c2 +.a2)2 © (a2 + b2)2 
1 1 1 
a2(b?+c7)2 —b2(c24.a7)2 ~~ c2(a? +62)? 
a b c3 


2 
1 1 1 
= @e EG b(c? +a”) + ar) 
~ a3 +58 4+ 


2 ae! a es : 
~— \a(b? +c?) ° b(c? +a?) © c(a2 + b2) 
Hence we need to prove that 


1 1 1 


9 
a —— a. 
abe) Mere) ate) — 2 
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By A.M-G.M inequality, 
3 
1 4 1 Br 1 
a(b2+c?) b(c? +a?) c(a2+b2) 


Z a(b? + c”) + b(c? + a?) + c(a? + b?) 


= 3 
and hence 
a eee oe 
a(b2+c?)  b(c2? +a)  c(a? + 0?) 


9 
a ee ee ee 
— a(b2 + c*) + b(c? + a?) + c(a? + 5?) 


Thus it is sufficient to establish that 
a(b? + c*) + b(c? +a”) + c(a? +b?) <2 
We will show that 
a(b? +c”) + b(c? + a”) + c(a? + b*) < 2(a° + b° +c’) 
and since a? + b? + c® = 1, this will complete the proof. 


a(b? + c*) + b(c? + a?) + c(a? +b) 


b(a + b) + bc(b + c) + ca(c + a) 


< = ((a? + b*)(a +b) + (0? +.c?)(b+c) + (c? +.07)(c +.a)) 


(2(a3 + b° + .c*) + (a(b? +c?) + B(c* +.a7) + c(a* + b*))) 


ble n}lre & 


1 
= (a3 +3 +3) + 5 (a(t? +c) + b(c? +a”) + c(a? +b?) 
Thus 


(a(b? +c?) + b(c? + a”) + c(a? +.b*)) <a +B +e 


Nile 
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or, 


a(b? +c”) + b(c? + a”) + c(a? +b?) < 2(a3 +b? +c°) 


41. If a,b,c are positive real numbers such that a?+b?+c? = 


1, prove that 


\- a > 27 
be(b+c) ~ 2(a+b+c)? 


We have 
a _ a? 
2» be(b+c) a abc(b + c) 
(a+b+c)? 
~~ 2Qabc(a + b+ c) 
a+b+c 
2abc 
(a+b+c)° 
2abc(a + b +c)? 
ss 27 
— 2(a+b+c)? 
(@EbAO ep 
abc 


by A.M-G.M inequality 


since 


42. If a,b,c are positive real numbers, show that 


a® is b? r roe a? + b* + c? 
a+2b+3c 6+2c+3a ct+2a+3b7 6 
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We have 
a? b? c 
a+2b+3c 6b+2c+3a c+2a+3b 
a4 b4 c4 
= 4H FO I 
a(a+2b+3c) 6(b+2c+3a) c(c+2a+ 3b) 
(a? + b* + c?)? 
a(a + 2b + 3c) + b(b + 2c + 3a) + c(c + 2a + 3b) 
(a? + b? + c*)? 
a? + b? + c? + 5(ab + be + ca) 
24724 ,2)2 
+ b* + 
> Sy since ab + bc + ca < a2 +0? +c? 
_ (a? +b? + c?)? 
canny Wee 


More generally, if k,!,m are constants, then 


3 a+ P42 


a? b? 
kat IbGmne bale ana Eee lo ab — k+l+m 


43. (Romania, 1999) Let 21, 22,...,2n,Y1, Y2; 


numbers such that 


--;Yn_ be real 


Yyt+Tat-::+@n 2 MY) + Lay2 +--+ + IFnyn 


show that 


4 I 4 
fi tte ees = ea 
V1 = Y2 Yn 
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By the T2 Lemma, 


Y= Y2 Yn T1Y1 F2y2 InYn 

5, (a1 + 2 t+1+ +n)? 

— Lyi + Lay2 +++ + Inyn 

5 (G1 + 22 +++++In)° 
Ii +Xat+:++In 


=2y+Toat-'t+2y 


Arithmetic-Geometric mean Inequality 


Theorem 4 Let aj,a2,...,@n be positive real numbers. The 
following inequality holds 


with equality holding if and only if ay = ag =--: = ay. 


Proof 1 Let g = (aja2 . -Qn)i/™ and b; = a;/g. Then 
bjbg---b, = 1 


and the inequality reduces to proving the following: 
If bjb2,...,6, are positive real numbers such that 6)b2---b, = 
1 then 

bh tbo+-:-+b,>n 


Assume the result for n—1. Without loss of generality, we can 
assume that b, is the maximum of 5; and 6b, is the minimum 
of b;. Thus b; > 1 and b, <1. Thus 


(by = 1)(1 _ bn) 2 0 
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and consequently 
b} + bn > bib, + 1 


Now, since 
bo x b3 ee X On-1 xX (bib, ) = | 
by induction hypothesis, 


n< bo +03 +-+++bn-1 + (didn +1) 
< be + b3 +--+ + bp_y + (01 + dn) 


completing the induction. 


Proof 2 Let 
fa ee GS Gael 
n 
If aj = ag = ::- = ay, Clearly A = G and equality holds. 


Assume that not all a; are equal. Then we need to prove that 
G < A, or equivalently, G" < A". That is, we need 


Q102°*:Qn < A” (8) 


The inequality is established by replacing the product on the 
left by successively larger products, reaching A” in fewer than 
n steps. Each step in the process is described by the following 
algorithm. 

Algorithm In any product of n numbers, replace the smallest, 
say x and the largest, say y, by two new factors A and 
x+y—A, where A is the arithmetic mean of the n numbers. 
The sum of the replaced numbers is A+zr+y—-A=2r+y 
and hence the arithmetic mean of the new n factors is also A. 


Since r+y—A = y—(A-2z) < y, the largest among the factors 


64 The Mathematics Teacher 


reduces at each step and since x < A, the smallest among the 
factors does not decrease. The new product is larger than the 


previous one since 
A(x+y—A)-—2xzy=(A-2zr)(y— A) >0 


The repeated application of the algorithm replaces the product 
a|@2°-*@n by A” since each step of the procedure brings in 
at least one A among the factors. This completes the proof. 
Most of the induction proofs are dull. But Cauchy’s proof of 
the famous Arithmetic Mean - Geometric Mean inequality is a 


classic example of how to make an induction interesting. 
’ 


Given positive real numbers aj,qa9,...,@n, their Arithmetic 
mean is defined by 


_ ay tag+:+++an 
7 07 


A 

and their Geometric mean by 
1 
G = (a102°:-Gn)™ 


The required inequality to be proved is G < A. Of course, 
in the usual induction, one can start the induction for n = 1, 
where it trivially holds and assume for n — 1 to deduce the 
inequality for n. But Cauchy’s proof is a charming one — 
consisting of a “forward” and a “backward” step: Assuming 
the truth for n we deduce the inequality for 2n. This is the 
forward step. Then assuming the inequality for n we deduce it 
for n—1 and this is the backward step. Starting the induction 
at n = 2, successive application of forward step proves the 


inequality for all powers of 2. To prove it for a general n, 
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find a k such that n < 2. Since the inequality holds for 2* , 
applying the backward step successively we reach the inequality 
for n. 

To start the induction, we prove the inequality for n = 2. 


Here, we have 


(a; ~ az)* > 0 


gives 
aj +a 
: 9 : > /a\a2 
Assume the inequality for n. Let aj,a9,...,@a, be 2n 


positive real numbers. We have 


Sle 


Aone ee en 
nr 


_ An+1 + An42 +*'' + Gan 
(L) 


> (a1a2°--an)nr = Gy 


1 
A2 > (Gn418n42°** Gan)" = G2 


Now, applying the inequality for G;,G2, we get 
A, +A Gi+G 
ae > We > /GiG> 
Substituting for A,;,A2,G1,G2 yields 


Qa; +a2+°::+Qan 


> ( )2n 
on = \a1a2 Q2n 


Now for the proof of the backward step. 

Assuming that the inequality holds for n, let aj,a@2,...,@n—1 
1 

be n—1 positive real numbers. Let g = (aja2---@n-1)"—' , 


the geometric mean of the a;s. Applying the inequality for 
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Q},42,...,An-1,g9, we get 


i 
n 


a; +a9+-+-+4n-1+ 9 > n(aja2--:An_ig) 
= i 
=n(g"*g)n 


= ng 
Thus 
aj +a2++--+@n-} > (n—1)g 


completing the proof. 


Problems 


1. Let a,b,c are the lengths of sides of a triangle. Prove 
that ; 
a | Cc 
Se ee eh ee 
pea. oes ee 


Solution Letting a = y+2z,b=2z+2,c=2+y, we need 


to prove 

UE pg ee go Ee sg 

a y z 
We have 
qe. eee. | ae xr Z Zz 
yee EE PtH (Hee) 4 (Hs 2) 4 (F4 
x y Zz rséFy z Yy x 

>24+2+2 


= 6 


2. For positive real numbers a,b,c prove that 


a a b rf Cc Z 
2a+b 2b+c +a 
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Solution 


a im b dh tess ee 1 i 1 i 1 
2a+b 2te Ata 2+b/a 2%+c/b 2+4+a/c 


Put c/b = z,a/c = y,b/a = z. Then ryz = 1 and we 


need to prove 


] ] 


_—_ 


+ < 
2+x 2+y 24+27 


This is equivalent to 


> (2+ y)(2+z)+(2+z)(2Q+z)+ (24+ 2)(24+y) 
< (2+ 2)(2+ y)(2+2z) 
#124+4(r+y4+z)+ (cy + yz4+ zz) 
<84+4(r+yt+z)4+2ryt+yz4+2r)+ ryz 
@4< ryt yz+ 20+ ryz 


Now, zry+ yz+ 2% > 3(x2y2z2)1/8 = 3 and ryz = 1. 


Thus the proof is complete. 


3. Let a,b,c be positive real numbers. Prove: 


ee ee ee 
b+e cta a+b 2 


Solution 


1+ : + ieee + ies 
b+ec ct+a a+b 


= (a+5+0)( — ne =) 


b+c cta atbdb 
1 


((a +b) +(b +c) + (c +a)) (actacta) 


? 


No1 OO bl 


Iranian Geometry Olympiad 


Iranian Geometry Olympiad is an annual academic competition 
for high school students. The competition has been conducted 
from 2014 and the competition for this year is the sixth Iranian 


Geometry Olympiad. 


The competition is held at three levels: Elementary for 7th 
and 8th grade students, Intermediate for 9th and 10th grade 
students and Advanced for 11th and 12th grade students. 


This year, the Mathematics Teachers Association (along with 
Mr Ravindra Sai Durbha) conducted the Advanced level 
exam in India. There was a very enthusiastic response 
from students for the Olympiad. The exam was conducted 
in the following centers: Delhi, Pune, Chennai, Bangalore, 
Hyderabad, Vijaywada, Kolkata, Guwahati, Bhubhaneswar, 
Vadodara, Surat, Bhilai, Rajkot, Chandigarh, Pune, Sikar, 
Ranchi, Nagpur, Indore and Kota. 


A total of 6169 students from 53 countries participated in the 
Olympiad. This year, the Mathematics Teachers Association 
(I) conducted the Olympiad on behalf of the IGO organizers 
in India. We had 441 students from India participating in the 
Olympiad. The results for India are shown below: 


Elementary Level: 


M.V.Aditya Gold 


Kshitij Sodani Silver 


IGO 2019 


Intermediate Level: 


Advanced Level: 


Adhavan $.V Silver 
Anish Yogesh Kulkarni 


Pranjal Srivastava Silver 


Sp 
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ASSOCIATION ACTIVITIES 


The AMTI Executive committee meeting held on 26.09.2019 at Saradha Secondary 
School, Gopalapuram, Chennai -86. Our Executive | Chairman 
Prof. J. Pandurangan, presided over the meeting. The General Secretary 
Dr. M. Palanivasan welcomed the members. 


The following Eleven (11) members were present: 


Prof. J.Pandurangan, Sn R.Athmaraman, Sri §.R.Santhanam 
Sn G. Gnanasundaram, Sn V.Sundaramurthy, Dr. P.Bhakatavatsulu, 
Dr. P. Bakthavachulu, Sri Dr. M. Kumaraswamy, Sn P.V. Swaminathan 
Smt. Hemalatha Thaigarajan Sri Sadagopan Rajesh Dr. M. Palanivasan 


The General Secretary took up the points one after the other. 

1. The audited accounts and budget for 2018-2019 was finalized by our auditor 
and submitted in the E.C. for approval. Dr. S.R. Santhanam request to check 
once again the expenses of Kota conference. 

2. AMTI society registration renewal work was going on and it has come to the 
final level. The E.C. has agreed to pay the penalty amount from 1992 and 
requested the General Secretary Dr. M. Palanivasan to proceed further and 
completed the work successfully. 

3. 54th Annual conference will be held at Vivekananda Kendra on 2019 
December 27, 28 and 29 in Kanyakumari General Secretary Dr. M. 
Palanivasan and Mr. R. Athmaraman visited Kanyakumari and note down the 
facilities in the venue. Later on General secretary Dr. M. Palanivasan and 
Conference Secretary Dr. S.R. Santhanam have visited Kanyakumari and 
finalized the rates for boarding and lodging. 


4. Status report 

1) MT editor Dr. S. Muralidharan informed through phone that next 
issues will be ready in time. 

2) JM:- J.M. Editor Mr. R.Athamaraman has relinquished from 
editorship and Dr. R. Sivaraman will be the editor for JM from next 
issue and it will be getting ready. 

3) NMITC:- NMTC 2019 first level exam was went on well with no 
remarks. Second level exam preparation is going on and NMTC 
Secretary Dr. Hemalatha Thaigarajan is taking care of common 
centres for second level exam. 

4) Popular lectures:- The present popular lecture secretary Mr. P. 
Ramesh has informed that he may be relived from that post. Dr. T. 
Kumaraswamy has been selected unanimously as the Secretary 
Popular Lecture. The EC requested him to organise propular lecture 
once in two months without fail. 

Any other matters:- 

1. A workshop on Geometry will be held in our project office for Sub-Junior 
and Junior students on 2019 September 28, 29 and 30. 

2. Dr. Kumarasamy requested to conduct a workshop for village students. 


3. The E.C members unanimously decided to restructure the salary for our 
office staff. It requested our GS to fix the scale of pay for each one and verify 
the EPF details. Also it has been decided to sanction the increment of 
maximum 3% of the basic + DA every year and bonus will be a fixed amount 
based on their service (15 days salary) not by percentage. 

4. In recognition of the service rended by Sn R. Athmaraman the EC 
unanimously designated him as a Patron of our Association and advise may 
be taken from him for the development of our association. This will be 
placed in GB for approval. 


Alas! Balu Sir, is no more! 


Yes, with profound grief we record the demise of one of 
the veterans in the realm of Mathematics, Cryptology and 
Sansknt — Dr. N. Balasubramanian, one of the architects 
who, as a senior expert, nurtured the Association of 
Mathematics Teachers of India. 

Mathematics was his love, Cryptology was his forte 
and Sansknt was his craze. He had an amazing mastery over 
subjects in different disciplines. 

Even as a student, he had published a research paper in 
Number Theory that was quoted by the American Professor 
Bruce Bermdt in his work on Smnivasa Ramanujan’s 
notebooks. 

He served as the Editor of Junior Mathematician, a publication of the AMTI, and 
evinced great pleasure in interacting with students who show promise in problem solving. His 
puzzle corner was quite popular. 


His lectures and comments during the annual conferences of the association were 
marvels; they attested to his command over several areas, which engaged and educated the 
audience. His interactive sessions were filled with humour and wit. Now we would be missing 
them. 

His work at Defence Research and Development Organization (DRDO) and Joint Cipher 
Bureau brought laurels to him for his expertise in Coding competence. 

It is an irreparable loss to AMTI. When this writer met him about a couple of 
months ago, he promised to wmite a nice book on crypto-arithmetic for the benefit of students. 
Unfortunately that is one promise he could not keep. 

We miss you, Balu Sir. 


1) Athmaraman R. 


The Association of Mathematics Teachers of India 
Office: B19, Vijay Avenue, 85/37 Venkatrangam Street, 
Triplicane, Chennai - 600 005. Ph: 2844 1523. 
E-mail: support(@amtionline.com Website: amtionline.com 


Patron President 


Sri R. Athmaraman Dr. Inder K. Rana 

35, Venkatesa Agraharam, Department of Mathematics, 

Mylapore, Chennai — 600004. L.1.7T., Powal, Bombay, Mumbai-4000 76. 
Phone : 24641836 Email: ikrana@iitb.ac.in 

Email: _athmaramanr@ gmail.com; 


Executive Chairman General Secretary 


Prof. J. Pandurangan Dr. M. Palanivasan, 
New No.3.Old No 70-A, Plot No:24,Lakshmi Street, 
Kalaimagal Nagar, Balaiah Garden, Madipakkam, 
Third Main Road, Ekkattuthangal, Chennai-600091 
Chennai-600097. Phone-22250572 Phone: 9444307602 


Email: jpandurangan@hotmail.com; Email:_empeevasan(@gmail.com; 


Treasurer 


Sri V Sundaramurthy Editor - Mathematics Teacher 

529/5, Lake View Main Road, Dr. S. Muralidharan 

Ayyappa Nagar Extension, 18, Phase 4, Wood Creek County, 
Madippakkam, Chennai Near Chennai Trade Center 

Cell: 9840410545 / 9841070392 St Thomas Mount P.O., Chennai-600016 
Email. v.sundaramurthy | 948@gmail.com; Email :muralidharan.somasundaram@tcs.com 


Editor - Junior Mathematician Secretary-Talents Competition 


Dr. R. Sivaraman Dr. Hemalatha Thaigarajan 
9/11, South Gangai Amman Koil Block No:T8,Door No:TF35, 
2nd Street, Four Squares, Ashiana Shubham - Phase , 
Choolaimedu, Chennai- 600094. Govindapuram,Melrosapuram Road 
Email:rsivaraman1729@yahoo.co.in Maraimalai nagar, (P. O): Singaperumal Kovil, 
Chennai-603204. Cell:944383 7585. 
Email: hemsriram09@gmail.com; 


Secretary-Conference Secretary-Workshops & Projects 


Dr. S. R. Santhanam, Dr. P. Bakthavatchalu, 
30/2, Senthil Andervar Street 374, Avvai Street, 

Dhanalakshmi Colony Belliyappa Nagar, SBI Colony 
Vadapalani, Chennai- 600026 Valajapet, Vellore Dist - 632513 
Cell : 9866822075 Cell : 9380194801 

Email: Santhanam_sr04@yahoo.com Email: drpbakthan@gmail.com 


Secretary-Popular Lecture 


Dr. M. Kumaraswamy, 
No.38/42, Sowrashtra Nagar, 

9th Street, Choolaimedu, Chennai-600094 
Cell: 9840841734 

Email:mksamy 1958@gmail.com; 
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MATHEMATICG TEACHERE OF INDik 


(Founded 1968; Registered as S.No.143 of 1965 under the 


No, Book Name deg, COstis Rs, 
| The Charm of Problems Solving 300 Rs.100/- 
2 Sample Questions and Solutions 200 Rs.80/- 

3 Gems-Primary-[&1] 300 Rs.150/- 
4  Gems-Primary-II] 120 Rs.75/- 

5 Gems-Sub-juntor-[&1] 300 Rs.150/- 
6 Gems-Sub-junior-I]I 130 Rs.75/- 

7 Gems-Junior-] 300 Rs.125/- 
8 = Gems-Junior-I] 300 Rs.150/- 
9  Gems-Junior-II] 200 Rs.100/- 


Societies Registration Act XX! of 1860) 


Dm = ee 4 4 Kivpeiil - ss. Duekit 
Price List of Available Pubhi 


. ‘pro. 


C ems-Inter-] 


Gems-Inter-I] 


~ Gems-Inter-III 


ations 


250 Rs.100/- 
300 Rs.150/- 
220 Rs.100/- 


113 GEMS from the Mathematics Teacher 250 Rs.60/- 
14 Non-Routine Problems in Mathematics (with 99 pe yp). 


15 RMO-INMO problems and solutions 300 Rs.150/- 
16 Mathematical Expositions-Recursion Sequences 250 Rs.150/- 
17 Mathematics (Panay) 350 Rs.100 
18 Minima Solved by Algebra 250 Rs.1000 


19 The Wonder world of KaPrekar Numbers 150 Rs.75/- 


20 Creativity of Ramanujan (Middle) 150 Rs.75/< 
2] Creativity of Ramanujan (Primary) 100 Rs.50/- 
22 Mathematics and Magic Square 100 Rs.60/- 
23 Two Mathematical Offering 100 Rs.50/- 
24 Triangles 100 Rs.50/- 
25 Development of Mathematical thinking 100 Rs.25/- 
26 Mathetic Muse 100 Rs 20/- 
27 SeNEMLITL 4.) Seg LD 150 Rs:100/- 
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